This note shows how options on coupon-bearing can be priced. The idea goes back to Jamshidian (1989) , who developed it explicitly for the "base-case" Vasicek-model. We're a little more general -but not much
dP (t, T ) = r(t)P (t, T )dt + σ P (t, T )P (t, T )dW Q (t).
In this economy we look a coupon bond that has deterministic payments α 1 , . . . , α N occurring at dates T 1 , . . . , T N . Clearly the price of this coupon bond is π B (t) = i|Ti>t α i P (t, T i ).
(It is strict inequality, ">", to keep in line with prices being ex-dividend, see Björk Chapter 11.) The last ingredient we need is a strike-K, expiry-T European call-option on the coupon bond. The arbitrage-free price of the call-option, π C (t), can be expressed as (as usual, β is the bank-account)
where Q T t denotes F t -conditional probabilities under the T -forward measure. The problem is that even with deterministic ZCB-price volatility, π B isn't lognormal (a sum of lognormals isn't lognormal), so it appears we are stuck with (1), at least it seems impossible to express the price as a Black-Scholes typeexpression (i.e. where the Q's have become the normal-distribution function Φ at a suitable point.) The rest of the note show that "it ain't necessarily so." 1 We start by putting more structure on the ZCB-volatility by assuming that it is deterministic and of a special functional form. More specifically suppose that there exists "nice" deterministic functions g (increasing) and h (positive) such that we can write
By Proposition 15.5 in Björk the forward rate volatility is then
i.e. it's deterministic & multiplicatively separable. Note that this volatility form includes the Hull/White (extended Vasicek) model.
Let us now focus on one of the terms in (1),
. By direct application of Theorem 19.8 from Björk we have that
where W T is a Brownian motion under the T -forward measure. Now, as a "mental lemma" note/recall that if a process Y solves the stochastic differential equation
then for s ≤ t we have
(To see this define a process X as "what's inside the exp-function" and use Ito.) Using this on the Z-process, and substituting its definition back (recall that P (T, T ) = 1) we arrive at:
The first term inside "exp" is deterministic. The important observation is that the stochastic part of the second term,
is the same for all T i . And by Björk's Lemma 3.15
H(t, T )X, where X is a variable that is N (0, 1)-distributed under Q T and is independent of F t and we have put H(t, T ) =
Using these observations we conclude that if we we may write
Now, g is increasing and we're only summing over i's such that T i > T we have that g(T i ) − g(T ) is positive and hence the x → π B (T ; x) is a monotonely increasing mapping R → R + . So it has an inverse function; this function is increasing, too, and clearly has R + as its domain. Formally we can denote the inverse function by π −B , so π −B (π B (. . . , x)) = x = π B (. . . , π −B (x))) and
).
That was abstract. How do we find d(t, T )? Well, we have
So must find the solution to π B (. . . , −d(t, T )) = K. But π B is a function we know explicitly, so that's easily done numerically, bisecting or "goal seek"'ing in Excel, for instance. All in all we have found that the last term in (1) is
Note that this "find a critical d and express thing in terms of Φ"-procedure does not work in higher dimensions (say if x were 2-dimensional) -at least not without major modifications.
Turning to the first terms, let's focus on, say, the j'th term:
Using this for τ = T and τ = T j and subtracting gives us:
Substituting this into (2) we get after a slight rearrangement
Again, the stochastic part is the same for all T i 's, it can be expressed in terms of a variable that's N (0, 1) under Q Tj , and is always multiplied by something positive. So we can do exactly this same again. In the very end we arrive at following.
Result The time-t price of a call-option on a coupon bearing bond is given by
where for any τ ∈ {T, T 1 , . . . , T n }, d * (t, τ ) is defined implicitly as the solution to the equation 
